Abstract. We propose a mathematically rigorous method to measure the spontaneous curvature of a bilayer membrane by molecular dynamics (MD) simulation, which provides description of the molecular mechanisms that cause the spontaneous curvature. As a main result, for the membrane setup investigated, the spontaneous curvature is proved to be a constant plus twice the mean curvature of the membrane in its tensionless ground state. The spontaneous curvature due to the built-in transbilayer asymmetry of the membrane in terms of lipid shape is studied by the proposed method. A linear dependence of the spontaneous curvature with respect to the head-bead diameter difference and the lipid mixing ratio is discovered. The consistency with the theoretical results provides evidence supporting the validity of our method.
Introduction
A lipid is an amphiphilic molecule that is made up of one hydrophilic head group followed by one or two hydrophobic tails. When lipids are dissolved into a solvent environment, they will self-assemble into various structures, such as micelles, vesicles and bilayers. The lipid bilayer is the basic component of biomembranes that serve as the boundaries of the cells and the organelles, such as the endoplasmic reticulum (ER), the Golgi apparatus and so forth.
The biological functions of cells are closely related to the membrane's shape and the morphological changes. Therefore, in the past decades, a growing interest has been drawn to the elastic theory that studies the response of a membrane to the shape deformation [1] [2] [3] [4] . One of the most important theories was proposed by Helfrich [1] . It was developed by analogizing to the elastic theory of the liquid crystal. At the continuum level, according to the Helfrich's theory, a membrane is regarded as a fluid elastic sheet, and all atomistic details of the membrane are condensed into three effective parameters: the bending modulus, the spontaneous curvature and the Gaussian modulus. The bending modulus has been extensively studied by experiments [5] [6] [7] [8] [9] and molecular simulations [10] [11] [12] [13] [14] .
The experimental studies have discovered and verified various mechanisms of the spontaneous curvature. Nearly all of them can be summarized into two categories: the bilayer asymmetry and the physical constraint (see [15] [16] [17] [18] and the references therein). The bilayer asymmetry can be generated by the transbilayer lipid shape asymmetry [16] . With different kinds of head groups and different numbers of tail chains, the shape of a lipid is analogized to a cone, a cylinder or an inverted cone [19] , corresponding to negative, zero or positive spontaneous curvature, respectively. The bilayer asymmetry can also be produced by proteins that insert their hydrophobic parts into one leaflet of the bilayer [20, 21] . The physical constraint stems from the attachment of curved macromolecules to the membrane. For example, if a curved protein is sufficiently rigid and exposes its bent interaction surfaces to the lipid bilayer, a spontaneous curvature is enforced [17, 20, [22] [23] [24] . This mechanism is also called protein scaffold.
To precisely measure the spontaneous curvature, a few molecular simulation methods have been developed recently. The pressure profile method has been used to measure the spontaneous curvature of the homogeneous monolayer membrane [25] and proteinmembrane complex [26] . This method assumes that the spontaneous curvature can be expressed by the first moment of the bilayer pressure profile. It was pointed out that the pressure profile is not uniquely determined because the expression for the local pressure involves an arbitrary choice of an integration contour [27, 28] , though it was also shown that the symmetric part of the pressure tensor is unique under certain conditions [29] . The error of the spontaneous curvature reported by this method is roughly 50% [25, 26] . The spontaneous curvature is also measured by fitting the profile of the curved membrane section to a circle [23, 30] . However, the membrane system is hard to reach equilibrium in a few simulation cases [23, 24] . This method is lack of rigorous theoretical support.
The main purpose of the present paper is to develop a mathematically rigorous method measuring the spontaneous curvature by molecular dynamics (MD) simulation. We first prove the main result of this work: for the system setup investigated in the present paper, the spontaneous curvature is equal to a constant plus twice the mean curvature of a membrane in its tensionless ground state. The constant is eliminated by an antisymmetric system setting, so the spontaneous curvature is measured by the mean curvature. To verify our method, we study the spontaneous curvature induced by the transbilayer lipid shape asymmetry. This case serves as a reference because it has been well studied in the past 20 years [30] [31] [32] [33] [34] [35] [36] [37] [38] . In the MD simulations, we adopt an implicit solvent lipid model [10, 39] that is computationally faster comparing with explicit solvent models. To maintain the antisymmetric configuration during the simulation, the lipid model is modified to prevent the lateral diffusion and flip-flop between the antisymmetric membrane parts. These modifications are shown not to affect the resulting spontaneous curvature and the membrane properties seriously. Finally, a good agreement is achieved by comparing our simulation results with theoretical predictions.
Theory
The terminology of spontaneous curvature originates from W. Helfrich's famous work on the elastic properties of lipid bilayers [1] . In the system considered by the present paper (see Fig. 1 , details are given in Section 3.2), a piece of membrane is setup in a rectangular periodic simulation box. Two lipid components phase-seperate into two different regions, the boundary between which is always a streight line. Therefore, the geodesic curvature of the phase boundaries vanishes, and followed by the Gauss-Bonnet theorem, the Gaussian curvature contribution is irrelevant. Then the Helfrich free energy reads
where κ is the bending modulus, H is the mean curvature, and c 0 is the spontaneous curvature. It is worthwhile noting that the small curvature assumption is important for Helfrich's theory, so it is to develop our method. This assumption is natural in most biological systems, in which the curvature radius is much larger than the typical membrane thickness (∼ 4nm) [16] . However, when the radius of curvature is comparable to or only a few times larger than the membrane thickness, the validity of the Helfrich free energy and our method should be checked carefully. In the large curvature cases, new theories are needed to study the elastic properties. Though the spontaneous curvature c 0 is usually regarded to be homogeneous, it can be inhomogeneous as a matter of fact. For example, proteins such as the clathrin and adaptin can induce local bending of a membrane [40] . In the case study of this work, lipids of different shapes phase separate into different regions, as a result, the spontaneous curvature c 0 is a function of the position. We consider a membrane that expands in a periodic simulation box and reaches its tensionless ground state, which means the equilibrium state without internal tension and external force. The coordinate of the membrane is denoted by its height above the reference plane z = 0 ("Monge gauge"), namely h(x,y). The spontaneous curvature profile is thereby denoted by c 0 (x,y). Note that this description will fail when large deformation happens, for example, when the membrane puckers up. The dimension of the periodic simulation box is denoted by
In all the simulations, the y dimension of the box L y is fixed. The free energy, as a function of the membrane shape and the box size
When the deformation is small, the mean curvature of the membrane can be linearly approximated by H(x,y) = 1 2 ∆h(x,y), so the free energy is ap-
If the free energy is first order differentiable with respect to the box size, the tension free condition yields
We will use this condition to determine the box size. Since the membrane is incompressible, the change of the box size L x will result in a change of the membrane shape h, which suggests L x is a functional of h. Under the tension free condition, we have the following equation for the equilibrium state:
Whereĥ denotes the coordinate of the membrane in the equilibrium state. Solving equation (2.4) with periodic boundary condition gives
or equivalently
If the system is set up properly so that the integral term 1 
|Ω|
∫ Ω c 0 (x,y)dxdy vanishes, then we have c 0 (x,y) = 2H(x,y), and the spontaneous curvature is obtained by measuring the mean curvature. We would like to point out that the above resutl is not necessarily correct for other system setup.
The mean curvature is only well-defined for a smooth membrane, which is at least second order differentiable. However, in the MD simulations, the membrane is very rough due to both the presence of thermal fluctuation and the discrete nature of the lipids. Below we describe how to obtain the smoothed profile on a rectangular mesh. First the x -y reference plane is divided into small bins. Then the averaged height of the mass center of the lipids in a bin is used to define the height of the smooth membrane at the center of the bin (mesh point). All derivatives of the membrane are calculated by finite differences. The coordinate and the derivatives are time-averaged to eliminate the thermal fluctuation.
3
Testing case: the spontaneous curvature due to the transbilayer lipid shape asymmetry
The solvent free lipid model
We adopt the solvent-free lipid model developed by I.R. Cooke, M. Deserno and K. Kremer [39] . A lipid is coarse grained into three connected beads, one bead representing the hydrophilic head group, followed by two beads representing the hydrophobic tail(s). No explicit solvent bead exists, because the hydrophobic interaction between the solvent and the tail beads is effectively represented by a long-range attractive interaction between the tail beads. The physical properties of Cooke model fall in the experimental interesting range, except for the flip-flop rate [10] . The size of the beads is defined by the repulsive Weeks-Chandler-Anderson potential,
Where r c = 2 1/6 b is the cutoff of the repulsive core. ϵ is the unit of the energy. The headhead and head-tail non-bonded interactions are of this kind with a typical setting b = 0.95σ, where σ is the unit of the length. The non-bonded interaction between tail beads is the Weeks-Chandler-Anderson potential plus a cosine-shaped long range attractive tail:
The typical diameter of the tail beads is b tail =σ, and the range of the attractive tail is controlled by the parameter w c = 1.6σ. With the aforementioned parameters, the lipids self assemble to a fluid state bilayer membrane at k B T = 1.08ϵ, although 1% -2% of the lipids reside in the gas phase surrounding the bilayer [10] . Actually, the lipids self-assemble to the fluid state bilayer membrane in a wide parameter range, and that is why the Cooke model is highly tunable (see the phase diagram in Ref. [10] ). The beads are connected by the finite extensible nonlinear elastic (FENE) bond interaction:
with a magnitude k bond = 30ϵ/σ 2 , and a maximum stretching length r ∞ = 1.5σ. A harmonic bending interaction between the head bead and the second tail bead is applied to keep the lipids straight, saying with a bending stiffness k bend = 10ϵ/σ 2 , and an equilibrium length r 0 = 4σ.
System settings
The testing system (see Fig. 1 ∫ Ω c 0 (x,y)dxdy vanishes due to this antisymmetric system configuration. According to equation (2.6), the spontaneous curvature is directly obtained from the mean curvature. Obviously, only half of the lipid coordinates are sufficient in calculating the spontaneous curvature due to the antisymmetry, and it is possible to modify the boundary condition to reduce the computational cost. However, to make sure the testing simulations fit for most MD packages that only provide standard boundary conditions, the periodic boundary condition is adopted.
The typical in-plane diffusion rate is of order 10 −2 σ 2 /τ. In our simulations that are typically as long as 5×10 5 τ, the molecules of the left-and right-half will mix up. To avoid this entropy driven mixture, we modify the tail interaction parameter w c between the molecules of the left-and right-half of the membrane. More precisely, a cosine-shape tail potential with a shorter attractive range is used: w LR c =1.48σ < w c . It has been shown [41] that this modification will lead to a phase separation between lipids A and B. The ratio of lipid B in the A-rich phase is under 3% in our testing simulations. Unfortunately, there exists a tension along the border between the two phases, which implies the tension free condition is not perfectly satisfied. However, the line tension is along the y direction, so it will not affect the bending of the membrane along the x direction. Therefore, when coupling the system to a barostat that conducts the zero-tension simulation, the y dimension of the simulation box is fixed, and the x dimension is adjusted to fulfill the tension free condition. To test the side effect of the line tension, we increase w LR c from 1.48σ to 1.50σ in a testing system of α=0.1σ. The resulting line tension decreases from 1.91ϵ/σ to 1.08ϵ/σ, while the measured spontaneous curvature increases from 0.044σ −1 to 0.046σ −1 , only by 5%. Therefore, the side effect due to the line tension is not serious.
The flip-flop rate of the Cooke model is much higher than the experimental value [10] . This is generally a good property, because the system equilibrates much faster. In our testing systems, it is undesirable because the upper and lower monolayers will mix up by the intermonolayer flip-flops. To eliminate this mixture, the cosine-shaped tail interaction (3.2) between the middle beads of lipids in the upper and lower monolayer is once and for all turned off, even when a lipid flips to the opposite leaflet, the attractive tail will NOT be truned on. Therefore, the flip-floped state is energetically less favorable. As a result, in the ground tensionless state, the ratio of the flip-flopped lipids is below 1%. Since the typical distance between the middle beads (3σ) is larger than the cutoff radius of the attractive interaction (2.72σ), the lipids cannot feel the change of the interaction when they do not try to flip-flop. This modification will not disturb the following properties of the bilayer too much: the area per lipid changes from 1.20σ 2 to 1.16σ 2 ; the thickness of the bilayer changes from 5.32σ to 5.50σ. The change of the bending modulus (measured by analyzing the membrane's Fourier mode spectrum [10] ) is relatively bigger: from 14.8k B T to 21.5k B T, but it will not enter Eqn. (2.6). The spontaneous curvature of the membrane may also be disturbed, and unfortunately, it is not easy to analyze this side-effect. It is worthwhile noting that the modification is only designed for the Cooke model, the flipflop rate of which is much higher than the experimental value. For most of the explicit solvent models and some implicit solvent models (e.g. [42] ), the flip-flop event is rarely observed in the typical timescale of simulation, so the modification is not necessary.
We further measure the spontaneous curvature of the membrane composed by a mixture of lipids A and B, and study how the spontaneous curvature changes as a function of the mixing ratio. The system is set up in the following way: the lower monolayer of the left-half is composed by lipid A of ratio ρ and lipid B of ratio 1−ρ, with all lipids randomly mixed; the upper monolayer is composed by lipid B of ratio ρ and lipid A of ratio 1−ρ. The right-half is set up in the antisymmetric way. The tail interactions are modified in the aforementioned way to maintain the mixing ratio.
Theoretical results
It is argued [37] that the spontaneous curvature can be expressed by the lipid molecular packing parameter, V/Sl, where V is the volume of the entire lipid molecular, l is the length of lipid, and S is the area of the head group. The spontaneous curvature in the case of a relaxed cylindrical monolayer, is given bȳ
for the lipid type A and B, respectively. A bar is added onc X 0 to distinguish the monolayer spontaneous curvature from the bilayer spontaneous curvature. For the lipid model used in the present paper, it is reasonable to assume 
By using (3.5) -(3.9), it can be shown that the spontaneous curvature of the lipid bilayer is proportional to α that is the head bead diameter difference between the upper and lower monolayer. In the case of lipid A and B mixture, theoretical analysis as well as experimental results have shown that the spontaneous curvature can be reasonably approximated by the linear combination of the components' spontaneous curvatures with a weight of the mixing ratio [31, 32, 37] (3.12) which linearly depends on the mixing ratio ρ.
Simulation details and results
Typically, a flat membrane composed of 4160 lipids is initially set up in a 60σ×40σ×60σ simulation box with the periodic boundary condition. First, a simulation varying the box dimension L x is performed to fulfill the tension free condition on x direction. This is achieved by coupling the system to a Berendsen barostat [43] . At the same time, the temperature of the system is controlled to k B T = 1.08ϵ by a Berendsen thermostat [43] . The system is integrated by the leap frog scheme with a time step of 0.005τ. When the system is equilibrated, the average box dimensionL x is calculated. Then a NVT system composed of the same amount of lipids is set up in aL x ×40σ×60σ simulation box. The velocity Verlet method is used to integrate with a time step of 0.005τ. The velocity rescaling thermostat [44] is used to provide a canonical sampling at the same temperature k B T = 1.08ϵ. The time scale of the thermostat is τ. The system is evolved form 0τ to 500,000τ and is fully equilibrated after 50,000τ. We sample the coordinates of lipids as well as other quantities of interest from t start = 100,000τ to t end = 500,000τ with a time interval of ∆t = 10τ. We first show the results of the testing system of head bead difference α = 0.1σ. Calculated from the coordinates of lipids, the profile of the smoothed membranes and the spontaneous curvature are presented in Fig. 2 . The x−y plane is approximately divided into small bins of size σ×σ. We observe the phase interface is fixed and the normal direction (or the tangential plane) are continuous across the interfaces. Moreover, the Gaussian modulus are the same for the membrane phases due to the antisymmetric setup. Therefore, the Gaussian curvature doesn't contribute in determining the equilibrium shape of the membrane. The spontaneous curvature profiles show relatively constant regions on the left-and right-half membrane. This is because the lipid compositions of the left-and right-half membrane are homogeneous. The constant spontaneous curvature value of the left-half is opposite to that of the right-half, owing to the antisymmetry. Therefore, the information in the spontaneous curvature profile can be reduced into a positive constant value that defines the global spontaneous curvature due to the transbilayer lipid shape asymmetry. We also observe a transition region of roughly 10σ between the left-and right-half membrane. From this point of view, the size of the simulation box on the x direction should be no less than 40σ.
The spontaneous curvature due to the lipid shape asymmetry should be independent with the size of the system. To verify this point, we measured the spontaneous curvatures of the following three system settings: 1388 lipids in a 40σ×20σ×60σ box, 4160 lipids in 
40σ * 20σ * 60σ 60σ * 40σ * 60σ 80σ * 40σ * 60σ a 60σ×40σ×60σ box, and 5548 lipids in a 80σ×40σ×60σ box. The head bead differences are the same: α = 0.1σ. The spontaneous curvature profiles are plotted in Fig. 3 , with data averaged on y direction for clarity. The resulting spontaneous curvatures (constant values of the profiles) of the 4160 lipids system and the 5548 lipids system are almost the same. The value of the 1388 lipids system is a little smaller and the profile presents two abnormal peaks at the transition region. Therefore, we adopt the 4160 lipids system that calculates the right spontaneous curvature with comparatively small computational cost. In section 3.3, we theoretically demonstrated that the spontaneous curvature depends linearly on the head bead difference α. If our method is valid, this linear dependence should be preserved. We measure and present in Fig. 4 the spontaneous curvature as a function of the head group difference α. The spontaneous curvature is calculated by averaging the constant value region of the spontaneous curvature profile. The error bar presents the standard deviation of the averaged data. The figure shows perfect linear relationship in range α ∈ [0,0.2σ]. An α bigger than 0.2 will not lead to an equilibrium bilayer membrane, because pores form at the contact line between the left-and righthalf. The spontaneous curvature at α = 0.2σ is 0.088σ −1 , corresponding to the curvature of a spherical vesicle of radius 11σ. The MD length unit σ can be mapped to a real length of 0.7 nm to 1.0 nm [10] , so the real size of the vesicle is 7.7 nm to 11 nm, which is much smaller than those found in the intracellular membrane transport (radii ∼ 30 nm) [16] . Therefore, our method work in a considerably large range of the spontaneous curvature that covers the experimentally interesting region.
In the case of lipid A and B mixture, the spontaneous curvature as a function of the mixing ratio is plotted in Fig. 5 . Several head bead differences are considered: α = 0.04σ, 0.08σ, 0.12σ, 0.16σ and 0.20σ. A good linear growth of the spontaneous curvature with respect to the mixing ratio is presented, which is consistent with the theoretical 
Conclusions and remarks
In this paper, we proposed a mathematically rigorous method to measure the spontaneous curvature of a bilayer membrane by the molecular dynamics simulation. The method was verified by a case study: measuring the spontaneous curvature due to the transbilayer lipid shape asymmetry.
As a main result, for the system setup investigated, the spontaneous curvature was shown to be a constant plus twice of the mean curvature, when the membrane is in its tensionless ground state. In the case study, the system was set up in an antisymmetric configuration to eliminate the constant in the spontaneous curvature -mean curvature relation (2.6). To maintain this antisymmetry in the native state, the lipid model was elaborately modified to prevent the lateral diffusion and flip-flop between the antisymmetric membrane parts. To measure the spontaneous curvature precisely, we sampled and averaged 4×10 4 mean curvature profiles on the MD trajectory. The resulting spontaneous curvature was found to be independent with the size of the simulation box, when the system is sufficiently large. A linear dependence with respect to the head bead difference as well as the mixing ratio of two types of lipid components was discovered. This relationship is consistent with the theoretical prediction in a considerable large range. The good agreement is a strong evidence supporting the validity of our method.
The proposed method can be used the study other origin of spontaneous curvature. In the case of the protein scaffolding, the spontaneous curvature measured by the present method is the "global spontaneous curvature", which is a long-time averaged curvature induced by the scaffolding protein, rather than the local curvature instantaneously forced by the protein. Therefore, the time scale of the simulation should be noticeably longer than the typical time scale required for a protein to diffuse the distance between two proteins.
